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Abstract
We construct the tensor hierarchy of generic, bosonic, 8-dimensional
field theories. We first study the form of the most general 8-dimensional
bosonic theory with Abelian gauge symmetries only and no massive defor-
mations. This study determines the tensors that occur in the Chern-Simons
terms of the (electric and magnetic) field strengths and the action for the
electric fields, which we determine. Having constructed the most general
Abelian theory we study the most general gaugings of its global symmetries
and the possible massive deformations using the embedding tensor formal-
ism, constructing the complete tensor hierarchy using the Bianchi identities.
We find the explicit form of all the field strengths of the gauged theory up to
the 6-forms. Finally, we find the equations of motion comparing the Noether
identities with the identities satisfied by the Bianchi identities themselves.
We find that some equations of motion are not simply the Bianchi identities
of the dual fields, but combinations of them.
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Introduction
Over the last years, a great effort has been made to explore the most general field
theories. This exploration has been motivated by two main reasons. First of all there
is the need to search for viable candidates to describe the fundamental interactions
known to us (specially gravity) and the universe at the cosmological scale, solving the
theoretical problems encountered by the theories available today. The second reason is
the desire to map the space of possible theories and the different relations and dualities
existing between them.
In the String Theory context, the landscape of N = 1, d = 4 vacua has focused
most of the attention, but more general compactifications have also been studied. At
the level of the effective field theories the exploration has been carried out within the
space of supergravity theories. Most ungauged supergravity theories (excluding those
of higher order in curvature) and some of the gauged ones have been constructed in
the past century [1], but the space of possible gaugings and massive deformations
(related to fluxes, symmetry enhancements etc. in String theory) has started to be
studied in a systematic way more recently with the introduction of the embedding-
tensor formalism in Refs. [2, 3, 4]. The formalism was developed in the context of the
study of the gauging of N = 8, d = 4 supergravity in Refs. [5, 6], but it has later been
used in theories with less supersymmetry in different dimensions.1
The embedding-tensor formalism comes with a bonus: the tensor hierarchy [25, 6,
26, 23, 27]. Using electric and magnetic vector fields in d = 4 dimensions as gauge
fields requires the introduction of 2-form-potentials in the theory, which would be
dual to the scalars. In d = 6 dimensions certain gaugings require the introduction
of magnetic 2-form and 3-form potentials [28]. But the addition of higher-rank po-
tentials does not stop there: as a general rule, the construction of gauge-invariant field
strengths for the new p-form fields requires the introduction of (p+ 1)-form fields with
Stückelberg couplings. This leads to a tensor hierarchy that includes all the electric and
magnetic fields of the theory and opens up the systematic construction of gauged the-
ories: construct the hierarchy using gauge invariance as a principle expressed through
the Bianchi identities and find the equations of motion by using the duality relations
between electric and magnetic fields of ranks p and d− p− 2.
This approach has been used in Refs. [23, 18] to construct the most general 4-, 5- and
6-dimensional field theories2 with gauge invariance with at most two derivatives. In
this paper we want to consider the 8-dimensional case and construct the most general
8-dimensional field theory with gauge invariance and of second order in derivatives
in the action: tensor hierarchy, Bianchi identities, field strengths, duality relations and
action.3
1See, for instance, Chapter 2 in Ref. [15], which contains a pedagogical introduction to the formalism
and references.
2Not only supergravities, since use the embedding-tensor formalism is not restricted to supergravity
theories.
3The tensor hierarchy of maximal 8-dimensional supergravity has been constructed in Ref. [17] in the
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Our main motivation for considering this problem is to simplify and systematize
the construction of a one-parameter family of inequivalent gaugings with the same
SO(3) group of maximal 8-dimensional supergravity, whose existence was conjectured
in Ref. [8]:4 using Scherk-Schwarz’s generalized dimensional reduction [13] Salam
and Sezgin obtained from 11-dimensional reduction an 8-dimensional SO(3)-gauged
maximal supergravity in which the 3 Kaluza-Klein vectors played the role of gauge
fields [14].5 The ungauged theory, though, has a second triplet of vector fields coming
from the reduction of the 11-dimensional 3-form that can also be used as gauge fields
and an SL(2,R) global symmetry that relates these two triplets of vectors, suggesting
one could use as gauge fields any linear combination of these triplets.
The gauged theory in which the second tripet of vectors (those coming from the
reduction of the 11-dimensional 3-form) played the role of gauge fields was obtained
in Ref. [8] by dimensional reduction of a non-covariant deformation of 11-dimensional
supergravity proposed in Ref. [7, 9].6 This theory has different Chern-Simons terms
and a different scalar potential and provides an early example of inequivalent gauging
with the same gauge group of a given supergravity theory. However, for the rea-
sons explained above, the existence of a full 1-parameter family of inequivalent SO(3)
gaugings is expected and it would be interesting to construct it and compare it with
the 1-parameter family of inequivalent7 SO(8) gaugings of N = 8, d = 4 supergravity
obtained in Ref. [22] and consider the possible higher-dimensional origin of the new
parameter.
The construction of that 1-parameter family interpolating between Salam-Sezgin’s
theory and that of Ref. [8] is a complicated problem that will be addressed in a forth-
coming publication [29]. In this paper we want to consider the general deformations
(gaugings and massive transformations) of generic 8-dimensional theories. This result
paves the way for the constraction of the 1-parameter family of gauged N = 2, d = 8
theories which is our ultimate goal. However, it is an interesting problem by itself
whose solution will provide us with the most general theories with gauge symmetry
in 8 dimensions up to two derivatives.
context if exceptional field theory.
4By inequivalent here we mean theories which have different interactions, including, in particular,
different scalar potentials. A more restrictive definition of inequivalent theories (a more general concept
of equivalence of theories) is often used in the literature (in Ref. [22], for instance): theories related
by a field redefinition (including non-local field redefinitions such as electric-magnetic dualities) are not
considered to be inequivalent. With this definition, the theories in the family we are talking about would
not be considered to be inequivalent.
5Other, more general, gaugings can be obtained via Scherk-Schwarz reduction [11, 12], but it is always
the Kaluza-Klein vectors that play the role of gauge fields.
6Many gauged supergravities whose 11-dimensional origin is unkonown or, in more modern par-
lance, they contain non-geometrical fluxes (like Roman’s 10-dimensional massive supergravity or alter-
native, inequivalent gaugings of other theories) can be obtained systematically from this non-covariant
deformation of 11-dimensional supergravity [10], which seems to encode many of these non-geometrical
fluxes.
7Inequivalent in the more restrictive sense explained above.
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The construction of the most general 8-dimensional theory with gauge symmetry
and at most two derivatives, and this paper, are organized as follows: first, in Section 1,
we study the structure and symmetries (including electric-magnetic dualities of the 3-
form potentials) of generic (up to second order in derivatives) 8-dimensional theories
with Abelian gauge symmetry and no Chern-Simons terms.
In Section 2, we consider Abelian, massless deformations of those theories, which
consist, essentially, in the introduction via some constant “d-tensors” of Chern-Simons
terms in the field strengths and action. The new intereactions are required to preserve
the Abelian gauge symmetries and, formally, the symplectic structure of the electric-
magnetic duality transformations of the 3-form potentials. We determine explicitly the
form of all the electric and magnetic field strengths up to the 7-form field strengths,
and give the gauge-invariant action in terms of the electric potentials. This will be our
starting point for the next stage.
In Section 3 we consider the most general gauging and massive deformations
(Stückelberg couplings) of the Abelian theory constructed in the previous section us-
ing the embedding-tensor formalism. We proceed as in Refs. [18, 15], finding Bianchi
identities for field strengths from the identities satisfied by the Bianchi identities of the
lower-rank field strengths and, then, solving them. We have found the Bianchi identi-
ties satisfied by all the field strengths and we have managed to find the explicit form
of the field strengths up to the 6-form.
In this approach, the “d-tensors” that define the Chern-Simons terms will be treated
in a different way as in Ref. [18]: they will not be treated as deformations of the theory
to be gauged, but as part of its definition. Therefore, we will not associate to them any
dual 7-form potentials.
In Section 4 we study the construction of an action for the theory. The equations
of motion are related to the Bianchi identities by the duality relations between electric
and magnetic field strengths, but, at least in this case, they are not directly equal to
them. In general they can be combinations of the Bianchi identities. To find the right
combinations we derive the Noether identities that the off-shell equations of motion
of these theories should satisfy as a consistency condition that follows from gauge
invariance. Then, we compare those Noether identities with the identities satisfied by
the Bianchi identities. Once the equations of motion have been determined in this way,
we proceed to the construction of the action, which we achieve up to terms that only
contain 1-forms and their derivatives, whose form is too complicated.
Section 5 contains our conclusions and the main formulae (field strengths, Bianchi
identities etc.) of the ungauged and gauged theories are collected in the appendices to
simplify their use.
1 Ungauged d = 8 theories
In this section we are going to consider the construction of generic (bosonic) d = 8
theories coupled to gravity containing terms of second order or lower in derivatives of
5
any given field8. The field content of a generic d = 8 theory are the metric gµν, scalar
fields φx, 1-form fields AI = AIµdxµ, 2-form fields Bm = 12Bm µνdx
µ ∧ dxν and 3-form
fields Ca = 13!C
a
µνρdxµ ∧ dxν ∧ dxρ. For the moment, we place no restrictions on the
range of the indices labeling these fields nor on the symmetry groups that may act on
them leaving the theory invariant.
We are going to start by the simplest theory one can construct with these fields to
later gauge it and deform it in different ways.
The simplest field strengths one can construct for these fields are their exterior
derivatives:
FI ≡ dAI , Hm ≡ dBm , Ga ≡ dCa . (1.1)
They are invariant under the gauge transformations
δσAI = dσI , δσBm = dσm , δσCa = dσa , (1.2)
where the local parameters σI , σm, σa are, respectively, 0-, 1-, and 2-forms.
The most general gauge-invariant action which one can write for these fields is
S =
∫ {
− ⋆ 1R+ 12Gxydφ
x ∧ ⋆dφy + 12MI JF
I ∧ ⋆FJ + 12M
mnHm ∧ ⋆Hn
− 12ℑmNabG
a ∧ ⋆Gb − 12ℜeNabG
a ∧ Gb
}
,
(1.3)
where the kinetic matrices Gxy,MI J,Mmn,ℑmNab as well as the matrix ℜeNab are
scalar-dependent9. One could add CS terms to this action, but this possibility will
arise naturally in what follows.
The equations of motion of the 3-forms Ca can be written in the form10
δS
δCa
= −d
δS
δGa
= 0 ,
δS
δGa
= Ra ≡ −ℜeNabG
b −ℑmNab ⋆ G
b . (1.5)
These equations can be solved locally by introducing a set of dual 3-forms Ca im-
plicitly defined through their field strengths Ga
Ra = Ga ≡ dCa . (1.6)
8The Chern–Simons (CS) terms may have terms with more than two derivatives, but they do not act
on the same field.
9If ℜeNab is constant, then the last term is a total derivative.
10The equation of motion of a p-form field, δS/δω(p), is an (8− p)− f orm defined by
δS = +
δS
δφx
∧ δφx +
δS
δAI
∧ δAI +
δS
δBm
∧ δBm +
δS
δCa
∧ δCa . (1.4)
With our conventions, when acting on p-forms, ⋆2 = (−1)p−1.
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It is convenient to construct vectors containing the fundamental and dual 3-forms:
(Ci) ≡
(
Ca
Ca
)
, Gi ≡ dCi , (1.7)
so that the equations of motion and the Bianchi identities for the fundamental field
strengths take the simple form
dGi = 0 . (1.8)
In other words: we have traded an equation of motion by a Bianchi identity and
a duality relation. In what follows we will do the same for all the fields in the action
so that, in the end, we will have only a set of Bianchi identities and a set of duality
relations between magnetic and electric fields.
The vector of field strengths Gi satisfies the following linear, twisted, self-duality con-
straint
⋆ Gi = ΩijWjkG
k , (1.9)
where
(Ωij) = (Ω
ij) ≡
(
0 1
−1 0
)
, (1.10)
is the symplectic metric and
(Wij(N )) ≡ −

 Iab + Rac I
cdRdb Rac Icb
IacRcb Iab

 , ΩWΩT =W−1 , (1.11)
is a symplectic symmetric matrix11. The equations (1.8) are formally invariant under
arbitrary GL(2n3,R) transformations (n3 being the number of fundamental 3-forms)
but, just as it happens for 1-forms in d = 4, the self-duality constraint Eq. (1.9) is only
preserved by Sp(2n3,R). As usual, the only Sp(2n3,R) transformations which are true
symmetries of the equations of motion are those associated to the transformations of
the scalars which are isometries of Gxy and which also induce linear transformations
of the other kinetic matrices. We will discuss this point in more detail later on.
The dualization of the other fields does not lead to any further restrictions.
In what follows we are going to generalize the simple Abelian theory that we have
constructed by deforming it, adding new couplings. We will use two guiding princi-
ples: preservation of gauge symmetry (even if it needs to be deformed as well) and
preservation of the formal symplectic invariance that we have just discussed.
11Basically the same that occurs in d = 4 theories, M(N ) see e.g. Ref.[21]. We use a slightly different
convention for the sake of convenience and M(N ) = M(−N ) due to the unconventional sign on the
definition of Ga.
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2 Abelian, massless deformations
The deformations that we are going to consider in this section consist, essentially, in the
introduction of CS terms in the field strengths and in the action. Stückelberg coupling
will be considered later. Only the 3- and 4-form field strengths admit these massless
Abelian deformations. It is convenient to start by considering this simple modification
of Ga:12
Ga = dCa + da I
mFIBm , (2.1)
where da Im is a constant tensor. The gauge transformations need to be deformed
accordingly:
δσAI = dσI , δσBm = dσm , δσCa = dσa − da ImFIσm . (2.2)
The action Eq. (1.3) remains gauge-invariant but the formal symplectic invariance is
broken: if we do not modify the action, the dual 4-form field strengths are just Ga = dCa
and Sp(2n3,R) cannot rotate these into Ga in Eq. (2.1). Furthermore, the 1-form and
2-form equations of motion do not have a symplectic-invariant form.
This problem can be solved by adding a CS term to the action:
SCS =
∫
{−daI
mdCaFIBm} , (2.3)
that modifies the equations of motion of the 3-forms
− d
δS
δdCa
= 0 ,
δS
δdCa
= Ra − daI
mFIBm . (2.4)
The local solution is now
dCa ≡ Ra − daI
mFIBm , (2.5)
and, since Ra is gauge-invariant, the dual, gauge-invariant, field strength must be
defined by
Ra = dCa + daImFIBm ≡ Ga . (2.6)
Again, (Ci) =
(
Ca
Ca
)
transforms linearly as a symplectic vector if (di Im) ≡
(
da Im
daIm
)
also does. Then, we can define the symplectic vector of 4-form field strengths
Gi = dCi + di I
mFIBm , (2.7)
invariant under the deformed gauge transformations
12We will often suppress the wedge product symbols ∧ in order to simplify the expressions that
involve differential forms.
8
δσAI = dσI , δσBm = dσm , δσCi = dσi − di ImFIσm . (2.8)
However, the deformed gauge transformations do not leave invariant the CS term
Eq. (2.3). The only solution13 is to add another term of the form14
SCS =
∫
{−daI
mdCaFIBm − 12daI
mda J
mFI JBmn} , (2.9)
provided the following constraint holds:
da(I
[mda J)
n] = 0 , so di(I
(mdi J)
n) = 0 . (2.10)
Observe that we are just using formal symplectic invariance: the symplectic vector
di Im is transformed into a different one. Thus, in general, one gets Sp(2n3,R) multiplets
of theories, except when di Im is a symplectic invariant tensor,15 which requires, at least,
one of the indices I or m to be a symplectic index. In most cases the part of the
symmetry group of the theory acting on the 3-forms, while embedded in Sp(2n3,R),
will be a much smaller group and, then, full symplectic invariance of di Im may not be
required.
As a nice check of the formal symplectic invariance of the deformed theory, we can
check this invariance on the dual field strengths of the remaining fields16, which is
tantamount to checking the invariance of the equations of motion of the fundamental
fields.
Using the duality relation Ra = Ga the equations of motion of the 1-forms can be
written in the form
δS
δAI
= −d
{
MI J ⋆ FJ − di I
mGiBm − 12di I
mdi JnFJBmn
}
= 0 , (2.11)
and can be solved by identifying all the terms inside the brackets with dA˜I , where A˜I
is a set of 5-forms. Taking into account gauge invariance, the 6-form field strengths F˜I
have the following definition, duality relation and Bianchi identities:
F˜I ≡ dA˜I + di I
mGiBm + 12di I
mdi JnFJBmn , (2.12)
F˜I = MI J ⋆ F
J , (2.13)
dF˜I = di I
mGiHm , (2.14)
13We have not found any other.
14We use the compact notation AI J... = AIAJ · · · , FI J... = FIF J · · · , Bmn... = BmBn · · · etc., where we
have suppressed the wedge product symbols.
15The only symplectic-invariant vector is 0.
16We leave aside the scalars for the moment.
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and the equations of motion are of the 1-forms given by the Bianchi identities of the
dual 6-form field strengths up to duality relations:
δS
δAI
= −
{
dF˜I − di I
mGiHm
}
. (2.15)
Using the duality relation Ra = Ga and following the same steps for the 2-forms ,
we find
H˜m = dB˜m + di ImFICi , (2.16)
H˜m = Mmn ⋆ Hn , (2.17)
dH˜m = −di I
mGiFI , (2.18)
and the equations of motion of the 2-forms are given by the Bianchi identities of the
dual 5-form field strengths up to duality relations:
δS
δBm
= −
{
dH˜m + di I
mGiFI
}
. (2.19)
This completes the first Abelian deformation. The second non-trivial deformation
of Ga that one could consider is the addition of a CS 4-form term ∼ da I JKAIFJAK. The
gauge transformation of this term is not a total derivative and we cannot make Ga
gauge-invariant by deforming the gauge transformation rule of Ca only: we must also
deform that of Bm, which, in its turn, induces a deformation of Hm by addition of a CS
3-form term. Since the deformation of Hm is essentially unique, it is more convenient
to start from this side and redefine
Hm = dBm − dmIJFIAJ , (2.20)
where dmIJ = dmJI17 which is invariant under the gauge transformations
δσAI = dσI , δσBm = dσm + dmIJFIσJ , (2.21)
and satisfies the Bianchi identities
dHm = −dmIJFI J . (2.22)
Under these gauge transformations and a generic δσCa
δσGa = d
(
δσCa + da ImFIσm
)
+ da ImdmJKFI JσK . (2.23)
Adding a CS 4-form term to Ga
17The antisymmetric part is a total derivative that can be absorbed into a redefinition of Bm.
10
Ga = dCa + da I
mFIBm − αda I
mdmJKA
IFJAK . (2.24)
we find
δσGa = d
[
δσCa + da ImFIσm − αda ImdmJK(σIFJAK − AIFJσK)
]
+da ImdmJK
[
ασIFJK + (1− α)FI JσK
]
.
(2.25)
The last term can be made to vanish by simply requiring
αda I
mdmJK = (α− 1)da(J|
mdm|K)I . (2.26)
Symmetrizing both sides of this equation w.r.t. I JK we conclude that
da(I|
mdm|JK) = 0 , (2.27)
and going back to the original (unsymmetrized) equation this implies that α = 1/3.
We arrive to the field strength, gauge transformation and Bianchi identities
Ga = dCa + da ImFIBm − 13d
a
I
mdmJKAIFJAK , (2.28)
δσCa = dσa − da I
mFIσm + 13d
a
I
mdmJK(σ
IFJAK − AIFJσK) , (2.29)
dGa = da ImFIHm . (2.30)
If these deformations are going to preserve formal symplectic invariance, we expect
that these results extend to the dual 3-forms and 4-forms field strengths, that is:
Gi = dCi + di ImFIBm − 13d
i
I
mdmJKAIFJAK , (2.31)
δσCi = dσi − di I
mFIσm + 13d
i
I
mdmJK(σ
IFJAK − AIFJσK) , (2.32)
dGi = di ImFIHm , (2.33)
while the identity
di(I|
mdm|JK) = 0 . (2.34)
This requires the introduction of new CS terms in the action. If we define the
CS terms in the 4-form field strengths by ∆Gi (Gi = dCi + ∆Gi), then we expect the
following terms to be present:
11
SCS = −
∫
{dCa∆Ga + 12∆G
a
∆Ga} . (2.35)
Instead of checking in detail the gauge-invariance of these terms, it is more convenient
to take the formal exterior derivative and check whether it is entirely given in terms
of the gauge-invariant field strengths found above. if it is not, it should fail only by a
total derivative which we can compensate by adding the corresponding terms to the
action.
We have found that one has to relate di(I|
mdi|J)
n to the tensor dmIJ . The relation can
be established by introducing a new tensor dmnp = −dnmp and is given by
di(I|
mdi|J)
n = −2dmnpdpI J . (2.36)
Observe that di [I|
mdi|J]
n does not necessarily vanish.
Using the above relation we find a result of the expected form18
d{dCa∆Ga + 12∆G
a
∆Ga} = daImGaFIHm − 13d
mnpHmnp + d
{
− 16d
mnpBmdBndBp
+ 12d
mnpBmHnp + 124d
i
I
mdi JnAI J∆HmdBn
}
,
(2.38)
from which it follows that the gauge-invariant CS term in the action is given, up to
total derivatives, by
SCS =
∫ {
−dCa∆Ga − 12∆G
a
∆Ga − 16d
mnpBmdBndBp + 12d
mnpBmHnp
+ 124d
i
I
mdi JnAI J∆HmdBn
}
.
(2.39)
Observe that only the completely antisymmetric part of dmnp enters the action, even
though we have only assumed it to be antisymmetric in the first two indices. We will
henceforth assume that dmnp is completely antisymmetric.
Now, as a final check of the consistency of our results, we can compute the dual
field strengths H˜m and F˜I , which should be formally symplectic invariant if the theory
is, and their Bianchi identities, which should be given entirely in terms of other field
strengths if the theory is indeed gauge invariant.
We find
18We use repeatedly the identity
2di Imdi J
nFIAJ∆Hn = −6dmnp∆Hn∆Hp + d{ 12d
i
I
mdi J
nAI J∆Hn} . (2.37)
12
H˜m = dB˜m + di ImCiF
I + dmnpBn(Hp + ∆Hp) + 112d
i
I
mdi J
nAI J∆Hn , (2.40)
dH˜m = di I
mGiF
I + dmnpHnp , (2.41)
F˜I = dA˜I + 2dmIJAJ(H˜m − 12∆H˜m)−
(
di I
mBm − 13d
i
J
mdmIKA
JK
)
(Gi − 12∆Gi)
− 13
(
di ImdmJK − diKmdmIJ
)
FJAKCi − d
mnpdmIJAJBnHp
+ 124
(
diK
mdiL
ndmIJ + 2di [I|
mdi|K]
ndmJL
)
FJAKLBn + 124d
i
J
mdniKdmILA
JKLdBn
− 1180d
i
L
ndiQ
mdmIJdnPKAJKLQFP , (2.42)
dF˜I = 2dmIJFJ H˜m + di I
mGiHm . (2.43)
The duality relations are the same as in the undeformed case.
As a further check of this construction, taking the exterior derivative of the Bianchi
identities of all the field strengths one finds consistent results upon use of the proper-
ties of the deformation tensors di Im, dmIJ , dmnp.
We will not compute the gauge transformations of the higher-rank form fields since
they will not be necessary in what follows.
2.1 The 6-form potentials and their 7-form field strengths
On general grounds (see [19] and references therein) the 6-form potentials are expected
to be the duals of the scalars. However, maintaining the manifest invariances of the
theory in the dualization procedure requires the introduction of as many 6-forms DA
as generators of global transformations δA leaving the equations of motion (not just the
action) invariant. Hence, the index A labels the adjoint representation of the duality
group. The 7-form field strengths KA are the Hodge duals of the piece j
(σ)
A (φ) of
the Noether–Gaillard–Zumino (NGZ) conserved 1-form currents jA = j
(σ)
A (φ) + ∆jA
associated to those symmetries (or, better, dualities) [20] which only depend on the
scalar fields19
KA ≡ − ⋆ j
(σ)
A , (2.44)
19This is the contribution of the σ-model to the Noether current. The symmetries of the equations of
motion are necessarily symmetries of the σ-model, i.e. isometries of the σ-model metric Gxy(φ) generated
by Killing vectors kAx. The indices A, B,C label the symmetries of the theory and, therefore, run over
the adjoint representation of the Lie algebra of that symmetry group G. The contribution of the σ-model
to the NGZ 1-form is j(σ)A = kA
xGxydφy.
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and their Bianchi identities follow from the conservation law for those currents
dKA = d ⋆ j
(σ)
A = d ⋆ (j
NGZ
A − ∆jA) = −d ⋆ ∆jA , (2.45)
where we have used the conservation of the NGZ current.
The simplest procedure to compute ∆jA is to contract the equations of motion of
the scalars with the Killing vectors kAx(φ) of the σ-model metric Gxy(φ), which is given
by
δS
δφx
= −d(⋆Gxydφy) + 12∂xGyzdφ
y ∧ ⋆dφz
+ 12∂xMI JF
I ∧ ⋆FJ + 12∂xM
mnHm ∧ ⋆Hn + Ga∂xGa .
(2.46)
Using the Killing equation, we get
kA
x δS
δφx
= −d ⋆ j(σ)A +
1
2kA
x∂xMI JFI ∧ ⋆FJ + 12kA
x∂xM
mnHm ∧ ⋆Hn + GakA
x∂xGa .
(2.47)
We must now use the fact that the isometry generated by kA will only be a symme-
try of the equations of motion if20
kAx∂xMI J = −2TAK(IMJ)K ,
kAx∂xMmn = 2TA(mpMn)p ,
kAx∂xNab = −TA ab −NacTAcb + TA acNcb +NacTAcdNdb ,
(2.48)
where the matrices TAI J , TAmn and
(
TA
i
j
)
≡
(
TAab TAab
TA ab TA ab
)
, (2.49)
are generators of the symmetry group G in the representation in which the 1-forms,
2-forms and 3-forms transform
[TA, TB] = fABCTC , [kA, kB] = − fABCkC . (2.50)
As we have discussed, this implies that the matrices TAi j are generators of the sym-
plectic group
TA
i
[jΩk]i = 0 . (2.51)
20The transformation rule for the period matrix is unconventional because our definition of the lower
component of the symplectic vector of 4-form field strengths, Ga = Ra is unconventional (the sign is the
oposite to the conventional one).
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Upon use of the duality relations between field strengths, we find that
− kA
x δS
δφx
= d ⋆ j(σ)A + TA
J
IFI F˜J + TA
m
nH˜nHm − 12TAijG
ij = 0 , (2.52)
on shell. The exterior derivative of the whole expression vanishes due to the Bianchi
identities of the field strengths and to the invariance of the deformation tensors dmIJ , di Im
and dmnp under the δA transformations:
δAdmIJ = −TAnmdnI J − 2TAK(I|dn|J)K = 0 ,
δAdi Im = TAi jdj Im − TAJ Idi Jm + TAmndi In = 0 ,
δAdmnp = 3TA
[m|
q dq|np] = 0 .
(2.53)
This means that we can rewrite that equation locally as the conservation of the NGZ
current
d ⋆ jNGZA = 0 , j
NGZ
A ≡ j
(σ)
A + ∆jA , (2.54)
where ∆jA is a very long and complicated expression whose explicit form will not be
useful for us. A local solution is provided by ⋆[j(σ)A + ∆jA] = −dDA for the 6-form
potential DA and we get the definition of the 7-form field strength
⋆ j(σ)A = −dDA + ⋆∆jA ≡ KA . (2.55)
Its Bianchi identity is given by
dKA = −d ⋆ j
(σ)
A = TA
I
JFJ F˜I + TA
m
nH˜nHm + 12TAijG
ij . (2.56)
In the kind of theories that we are considering here there is no reason to include
potentials of rank higher than 6, unless we introduce a scalar potential depending
on new coupling constants: one can then introduce 7-form potentials dual to those
coupling constants. Since the introduction of these parameters would be purely ad hoc,
we will postpone the study of this duality to the next section in which we will be able
to use in the definition of the scalar potential the embedding tensor and the massive
deformation parameters, which have well-defined properties.
One can also generalize the theory by adding a scalar potential. This addition is
associated to the introduction of new deformation parameters. In gauged supergravity,
which is the main case of interest, these deformation parameters are the components
of the embedding tensor and the scalar potential arises in the gauging procedure,
associated to the fermion shifts in the fermion’s supersymmetry transformations. Thus,
it is natural to deal with the scalar potential in the next section too.
The results obtained in this and the previous Section are summarized in Appendix A.
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3 Non-Abelian and massive deformations: the tensor hi-
erarchy
The next step in the construction of the most general d = 8 field theory is the gauging
of the global symmetries of the theory. The most general possibilities can be explored
using the embedding tensor formalism21 and in this section we are going to set it up
for the Abelian theories we have just found.22 For the sake of convenience we are going
to reproduce some of the formulae obtained above.
The starting point is the assumption that the equations of motion of the theory are
invariant under a global symmetry group with infinitesimal generators {TA} satisfying
the algebra
[TA, TB] = fAB
CTC . (3.1)
The group acts linearly on all the forms of rank ≥ 1, including the 3-forms if the
electric and magnetic 3-forms Ca and Ca are combined into a single symplectic vector
of 3-forms (Ci) =
(
Ca
Ca
)
as explained above and codify electric-magnetic transforma-
tions involving the scalars. The matrices that represent the generators are denoted by
{TAI J}, {TAmn}, {TAi j} and the adjoint generators are TABC = fACB. The matrices TAi j
are generators of the symplectic group
TA
i
[jΩk]i = 0 , (Ωij) = (Ω
ij) ≡
(
0 1
−1 0
)
. (3.2)
We have
δαAI = αATAI JAJ , δαBm = −αATAnmBn , δαCi = αATAi jCj ,
δαA˜I = −αATAJ I A˜J , δαB˜m = αATAmnB˜n ,
(3.3)
(the dual potentials transform in the dual covariant-contravariant representation).
The kinetic matricesMI J,Mmn,Wij(N ) also transform linearly: if δα ≡ αAδA
δAMI J = −2TAK(IMJ)K , δAM
mn = 2TA(mpMn)p , δAWij = −2TA
k
(iWj)k , (3.4)
but the period matrix undergoes fractional-linear transformations which, infinitesi-
mally, take the form
21In this section we will follow Ref. [15], where the essential references on the embedding tensor
formalism can be found. We will also use the same notation.
22Observer that, in general, the theories that we are considering are just the bosonic sector of a theory
that also contains fermions and whose symmetry group may include symmetries that only act on them.
The total symmetry group would, then, be larger and the embedding tensor should take this fact into
account.
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δANab = −TA ab−NacTA
c
b+ TA a
cNcb +NacTA
cdNdb ,
(
TA
i
j
)
=
(
TAab TAab
TA ab TA ab
)
.
(3.5)
The k-form field strengths will transform in the same representation as the cor-
responding (k − 1)-form potential, but only if the d-tensors dmIJ , di Im and dmnp are
invariant under the global symmetry group, i.e. if they must satisfy
δAdmIJ = −TAnmdnI J − 2TAK(I|dn|J)K = 0 ,
δAdi Im = TAi jdj Im − TAJ Idi Jm + TAmndi In = 0 ,
δAdmnp = 3TA
[m|
q dq|np] = 0 .
(3.6)
The theories we have constructed are invariant under Abelian gauge transforma-
tions with 0-, 1- and 2-form parameters σI , σm, σi:
δσAI ∼ dσI , δσBm ∼ dσm , δσCi ∼ dσi . (3.7)
In order to gauge the global symmetries, we promote the global parameters αA to
local ones αA(x) and we identify them with some combinations of the gauge parame-
ters of the 1-forms σI via the embedding tensor ϑI A as follows:
αA ≡ σIϑI
A . (3.8)
Using this redefinition in the transformation of the kinetic matricesMI J ,Mmn,Wij one
immediately finds their gauge transformations:
δσMI J = −2σLXLK(IMJ)K , δσM
mn = 2σITI (mpMn)p , δσWij = −2σ
IXI
k
(iWj)k ,
(3.9)
where we have defined the matrices
XI
J
K ≡ ϑI
ATA
J
K , XImn ≡ ϑI ATAmn . XI i j ≡ ϑI
ATA
i
j . (3.10)
The gauge fields for these symmetries are given by
AA ≡ AIϑI
A . (3.11)
With them we can construct gauge-covariant derivatives, which we will then use to
derive Bianchi identities.
Is is convenient to start by constructing the covariant derivatives of the kinetic ma-
trices MI J ,Mmn,Wij(N ) which transform linearly. According to the general rule, the
covariant derivative of a field Φ transforming as δAΦ is given by
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DΦ ≡ dΦ− AAδAΦ . (3.12)
Then, with the above definition of gauge fields
DMmn = dMmn − 2AIXI (mpMn)p , (3.13)
DMI J = dMI J + 2ALXLK(IMJ)K , (3.14)
DWij = dWij + 2A
IXI k(iWj)k . (3.15)
These derivatives transform covariantly under gauge transformations δσ = σIϑI AδA
provided that the embedding tensor is gauge-invariant
δσϑI
A = 0 , (3.16)
and provided that the 1-forms transform as
δσAI = DσI + ∆σAI , where


∆σAIϑI A = 0 ,
DσI = dσI − AJXJ IKσK ,
(3.17)
The condition Eq. (3.16) leads to the so-called quadratic constraint
ϑJ
B
[
TBK IϑKA − fBC
AϑI
C
]
= 0 . (3.18)
To determine ∆σAI we have to construct the gauge-covariant 2-form field strengths
FI .
3.1 2-form field strengths
The simplest way to find the 2-form field strengths FI is through the Ricci identities.
A straightforward calculation using the quadratic constraint Eq. (3.18) leads to
DDMmn = −FIϑI AδAMmn , (3.19)
and analogous equations forMI J andWij(N ), with
FI = dAI − 12XJ
I
KAJK + ∆FI , where ∆FIϑI A = 0 . (3.20)
Under gauge transformations,
δσFI = σJXJ
I
KF
K , (3.21)
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provided that
δσ∆FI = −D∆σAI + 2X(J
I
K)
(
FJσK − 12A
JδσAK
)
. (3.22)
Given the field content of the theory, the natural candidate to ∆FI and ∆σAI are
∆FI = ZI mBm , ∆σAI = −ZI mσm , (3.23)
where the new tensor ZI m is gauge-invariant and orthogonal to the embedding tensor:
δσZI m = 0 , (3.24)
ZI mϑI
A = 0 . (3.25)
Then, the consistency of Eq. (3.22) with the above choice requires
ϑ(J|
ATA
I
|K) = Z
I mdmJK , (3.26)
for some tensor dmJK = dmKJ which will turn out to coincide with the tensor we intro-
duced as an Abelian deformation in the previous sections. Since we have assumed ϑI A
and dmJK to be gauge-invariant, ZI m is automatically gauge-invariant and we have one
constraint less.
We conclude that23
FI = dAI − 12XJ
I
KAJK + ZI mBm , (3.27)
δσFI = σJXJ
I
KF
K , (3.28)
δσAI = DσI − ZI mσm , (3.29)
δσBm = Dσm + 2dmJK
(
FJσK − 12A
JδσAK
)
+ ∆σBm , with ZI m∆σBm = 0 . (3.30)
In the ungauged limit ϑI A = ZI m = 0 we get the Abelian gauge transformations
of the 2-form Eq. (2.21) if we identify the above 1-form σm (relabeled σgm) with σm −
dmIJAIσJ ,
σgm = σm − dmIJAIσJ , (3.31)
confirming the identification of the d-tensor. Using that variable makes the non-
Abelian gauge transformations more complicated and, therefore, we will stick to the
above σm.
23On general grounds, we expect a term of the form −σIXI nmBn in the gauge transformation rule of
Bm. This term is indeed present, but in a disguised form.
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3.2 3-form field strengths
Again, the shortest way to find ∆Bm and the gauge-covariant 3-form field strength Hm
is through the Bianchi identities. Taking the covariant derivative of the 2-form field
strength, and using the generalized Jacobi identity
X[I|
K
MX|J
M
L] =
2
3Z
KmdmM[IXJ
M
L] , (3.32)
we get
DFI = ZI mHm , (3.33)
where
Hm = DBm − dmIJdAIAJ + 13dmMIXJ
M
KAI JK + ∆Hm , with ZI m∆Hm = 0 . (3.34)
In the ungauged limit ϑI A = ZI m = 0 we recover the Abelian 3-form field strength
in Eq. (2.20). On the other hand, by construction, the above field strength is gauge-
covariant up to terms annihilated by ZI m under Eqs. (3.29) and (3.30). To show this
explicitly, we will need further identities between the tensors of the theory that are
more easily discovered by computing first the 4-form field strengths.
3.3 4-form field strengths
From this moment, following Ref. [18], we will determine the general form of the field
strengths using the Bianchi identities and their consistency relations. This procedure
yields gauge-covariant field strengths and one can later find explicitly the gauge trans-
formations of the fields that produce that result.
Thus, we take the covariant derivative of both sides of Eq. (3.33), use the Ricci
identity Eq. (3.19) for the l.h.s. and the explicit form of Hm in Eq. (3.34) for the r.h.s.,
and we find the Bianchi identity for Hm to be
DHm = −dmIJF
I J + ∆DHm , where ZI m∆DHm = 0 . (3.35)
∆DHm has to be gauge-invariant and scalar-independent and the only possibility is a
4-form combination of field strengths. FI ∧ FJ has already been used and we must use
Gi, whose explicit form will be determined by consistency. We need to introduce a
new gauge-invariant tensor Zim orthogonal to ZI m
ZI mZjm = 0 , (3.36)
and, then, we arrive to the Bianchi identity
DHm = −dmIJFI J + ZimG
i . (3.37)
20
A direct calculation of DHm using the explicit expression of Hm in Eq. (3.34) with
∆Hm = ZimCi can only give a consistent result if we introduce a tensor di Im such that
XImn + 2dnI JZJ m = Zind
i
I
m . (3.38)
The tensor di Im coincides with the one we introduced as an Abelian deformation. Also,
observe that this relation makes the condition of gauge invariance of Zin redundant.
We get
Gi = DCi + di I
n
[
FIBn − 12Z
I pBnBp − 13dnJKdA
JAIK + 112dnMJXK
M
LA
I JKL
]
+ ∆Gi ,
(3.39)
with
Zim∆G
i = 0 . (3.40)
These 4-form field strengths reduce exactly to the Abelian ones in Eq. (2.31).
Now we are ready to check explicitly using the identity/constraint Eq. (3.38) that
Hm in Eq. (3.34) with ∆Hm = ZimCi is gauge covariant up to terms proportional to Zim,
which are automatically annihilated by ZI m. We find that
δσCi = Dσi − di In
[
σIHn + FIσn + δσAIBn − 13dnJKδσA
JAIK
]
+ ∆σCi ,
with Zim∆σCi = 0 ,
∆σBm = −Zimσi .
(3.41)
These gauge transformations reduce to the Abelian ones Eq. (2.32) upon use of the
property of the d-tensors Eq. (2.34) and the identifications Eq. (3.31) and
σig = σ
i + di I
n(BnσI − 13dnJKA
I JσK) . (3.42)
3.4 5-form field strengths
Taking, once again, the covariant derivatives of both sides of the Bianchi identity for
Hm, Eq. (3.37), and using the Bianchi identity for FI , Eq. (3.33) and the newly intro-
duced tensor di Im, we find that
DGi = di ImFIHm − ZimH˜m , (3.43)
where Zim is a new gauge-invariant tensor orthogonal to Zim
ZimZin = 0 , (3.44)
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and where the sign of that term has been chosen so as to get the same signs as in the
ungauged case. In principle these two tensors could be completely unrelated (except
for the constraints). However, since, in the physical theory, Gi is self-dual and H˜m is
the electric-magnetic dual of Hm, it is natural to expect that the same tensors appear
in both field strengths. Thus, we are going to assume that Zim has been obtained from
Zjm by raising the index with the symplectic metric tensor Ωij, that is
Zim ≡ ΩjiZjm . (3.45)
Then, there is no new constraint associated to its gauge invariance and, we just have
the constraint Eq. (3.44) analogous to a constraint satisfied by the embedding tensor in
4-dimensional field theories.
3.5 6-form field strengths
Taking the covariant derivative of both sides of the Bianchi identity for Gi, Eq. (3.43)
and using the Bianchi identities for the field strengths of lower rank, we find that we
need to introduce three new tensors di Im, dmnp, dmIJK and demand that
di ImZjm + XI
i
j = −Z
i
mdjI
m , (3.46)
di I [m|ZI |n] = −Zi pdpmn , (3.47)
di(I|
mdm|JK) = −Z
i
pdp I JK . (3.48)
Lowering the i indices in the first equation with ǫik and taking into account that XI[kj] =
0, we conclude that it is natural to identify
di I
m = Ωijd
j
I
m , (3.49)
and rewrite the constraint as
XIij = −2Z(i|md|j)I
m . (3.50)
Using these constraints and the same reasoning as in the previous cases we find the
next Bianchi identity and we can also solve it24
24Actually, it is easier to find H˜M from the previous Bianchi identity Eq. (3.43) taking the covariant
derivative of the 4-form field strengths Gi in Eq. (3.39) with ∆Gi = −Zim B˜m.
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DH˜m = −di I
mGiFI + dmnpHnp + dmIJKF
I JK + ZI mF˜I , (3.51)
H˜m = DB˜m − di I
mFICi + 2dmnpBn
(
Hp − ZipC
i − 12DBp
)
+dmIJKdAIdAJAK
+
(
1
12di J
mdiK
ndnIL − 34d
m
IJMXK
M
L
)
dAIAJKL
+
(
3
20d
m
NPMXI N J − 160diM
mdiI
ndnPJ
)
XKPLAI JKLM
+ZIm A˜I , (3.52)
3.6 7-form field strengths
Provided that we impose the additional constraint25
di(I
mdi J)
n + 2dmnpdpI J + 3dmIJKZK n = +3dn I JKZKm , (3.53)
the covariant derivative of the Bianchi identity Eq. (3.51) leads to the Bianchi identity
for the 6-form field strengths
DF˜I = 2dmIJFJ H˜m + di I
mGiHm − 3dmIJKFJKHm− ϑI AKA , (3.54)
F˜I = DA˜I + 2dmIJ B˜mFJ + di I
mCi(Hm − 12ZjmC
j)
−3dmIJKBm(FJ − 12Z
JnBn)(FK − 12Z
KpBp)− 14d
m
IJKZJnZKpBmnp
+ 12di I
mdi J
n(FJ − 23Z
JpBp)Bmn − di I
mBmGi + · · · (3.55)
where we are denoting by Gi the part of Gi that only contains 1-forms AI and their
derivatives dAI .
3.7 8-form field strengths
Taking the covariant derivative of Eq. (3.54) and using several of the constraints im-
posed above, we find that
25This constraint reduces to Eq. (2.36) in the ungauged, massless limit.
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ϑI
ADKA = XI
K
JFJ F˜K + XImnH˜nHm + 12XIijG
ij + 5dm(I Jd
m
KLM)F
JKLM . (3.56)
According to the general arguments in Ref. [19] the last term must vanish. It cannot
arise in the Bianchi identity of the dual Noether-Gaillard-Zumino current associated to
the global symmetries of the theory. Thus, we impose
dm(I Jd
m
KLM) = 0 , (3.57)
and, from the definition of the X tensors, we get
DKA = TA
K
JF
J F˜K + TA
m
nH˜nHm − 12TA ijG
ij +YA
♯L♯ , (3.58)
where YA♯ is a tensor orthogonal to the embedding tensor
ϑI
AYA
♯ = 0 , (3.59)
and where the index ♯ runs over all the deformation tensors introduced so far, that we
are going to denote collectively by c♯. As argued in Ref. [18], the natural candidates
for the YA♯ tensors are the variations of the deformation tensors c♯ under the global
symmetries of the theory
YA
♯ = δAc
♯ , (3.60)
where A runs over the whole Lie algebra of the global symmetry group, because all
the deformation tensors are required to be gauge invariant
ϑI
AδAc
♯ = ϑI
AYA
♯ ≡ QI
♯ = 0 , (3.61)
where we have defined the constraints QA♯.
At this point there are two possibilities:
1. We can consider that all the independent tensors26 {ϑI A,ZIm,Zim,−dmIJ, di Im} are
deformations of the original theory introduced at the same time as the gauging
of the global symmetries of the original symmetry is carried out. In this case they
only have to be invariant under the global symmetries that have been gauged and
not the stronger condition
δAc
♯ = 0 , (3.62)
for any of them.
26The tensors dmnp, dmIJK are related to these and their gauge invariance is not an independent condi-
tion.
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2. We can consider only the tensors {ϑI A,ZIm,Zim} are deformations of the orig-
inal theory, whose definition includes the tensors {−dmIJ , di Im}. In this case,
the latter must be invariant under the whole global symmetry group by hypoth-
esis. The corresponding YA♯ tensors are assumed to vanish identically, before
they are contracted with the embedding tensor. This is the point of view that
we have adopted here and it implies that there are only three sets of 8-form
field strengths {L♯} = {LAI , LIm, Lim} and only three corresponding sets of 7-
form potentials {E♯} = {EAI , EIm, Eim} which are dual to the deformation tensors
{ϑI
A,ZIm,Zim}. In an action in which these tensors are generalized to spacetime-
dependent fields, these dual potentials appear as Lagrange multipliers enforcing
their constancy [24, 23].
We, thus, have to consider three constraints associated to gauge invariance
QI J
A ≡ ϑI
BYBJ A , YBJ A ≡ δBϑJ A = −TBK JϑKA + TBACϑJC , (3.63)
QI
Jm ≡ ϑI
BYB
Jm , YB Jm ≡ δBZJm = TB JKZKm + TBmnZJn , (3.64)
QIim ≡ ϑI
BYBim , YBim ≡ δBZim = −TB
j
iZjm − TB
n
mZin , (3.65)
and two constraints associated to global invariance
QAmIJ ≡ YAmIJ = −δAdmIJ = TA
n
mdnI J + 2TKA(Id|m|J)K , (3.66)
QA
i
I
m ≡ YA
i
I
m = δAd
i
I
m = TA
i
jd
j
I
m − TA
J
Idi Jm + TA
m
ndi In , (3.67)
and the final form of the Bianchi identity for the 7-form field strengths is
DKA = TA
K
JF
J F˜K + TA
m
nH˜nHm − 12TA ijG
ij +YAI
BLB
I +YA
ImLIm +YAimL
im . (3.68)
The occurrence of these YA♯ has to be confirmed by taking again the covariant
derivative of this Bianchi identity.
3.8 9-form field strengths
Taking the covariant derivative of both sides of the Bianchi identity Eq. (3.68) we arrive
to27
27By direct computation we have not found any constraint or YA♯ tensor associated to either dmIJK or
dmnp.
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YAIB
[
DLB I + FIKB
]
+ YAIm
[
DLIm + F˜IHm
]
+ YAim
[
DLim + GiH˜m
]
+QAmIJ H˜mFI J +QAi ImGiFIHm = 0 .
(3.69)
Since we have assumed28 QAmIJ = QAi Im = 0, we arrive to the Bianchi identities
DLB I = −FIKB −WBIβMβ , (3.70)
DLIm = −F˜IHm −WIm
βMβ , (3.71)
DLim = −GiH˜m −WimβMβ , (3.72)
where the W♯β tensors are invariant tensors annihilated by the YA♯ ones
YA
♯W♯
β = 0 . (3.73)
As shown in Ref. [18] these tensors are nothing but the derivatives of all the con-
straints satisfied by the deformation tensors (labeled by β) with respect to the defor-
mation tensors themselves. This means that there are as many 9-form field strengths
Mβ and corresponding 8-form potentials Nβ as constraints Qβ = 0. In a general ac-
tion the top-form potentials Nβ would occur as the Lagrange multipliers enforcing the
constraints Qβ = 0.
As usual, this can be confirmed by acting yet again with the covariant derivative on
the above three Bianchi identities. Let us first list all the constraints we have met:
1. First of all we have the gauge-invariance constraints
QI J
A , QI Jm , QIim , (3.74)
defined in Eqs. (3.63)-(3.65).
2. Secondly, we have the global-invariance constraints
QAmIJ , QAi Im , (3.75)
defined in Eqs. (3.66) and ((3.67)).
28Observe that, the alternative assumption is equally valid and can be made to work by including the
8-form field strengths LmIJ , Li Im.
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3. Thirdly we have the orthogonality constraints between the three deformation
tensors
QmA ≡ −ZImϑI A , (3.76)
Qi
I ≡ ZimZ
Im , (3.77)
Qmn ≡ ZimZ
i
n . (3.78)
4. Next, we have the constraints relating the gauge transformations to the d-tensors
QI
J
K ≡ X(I
J
K) − Z
JmdmIK , (3.79)
QI
m
n ≡ XI
m
n + 2dnI JZJm + Zind
i
I
m , (3.80)
QIij ≡ −XIij − 2Z(i|md|j)I
m , (3.81)
5. Finally, we have the constraints that related the d-tensors amongst them via the
massive deformations Z
Qimn ≡ di I [m|ZI|n] + Zi pdpmn , (3.82)
QI J
mn ≡ 12d
i
(I|
mdi|J)
n + dmnpdpI J + 3d[m| I JKZK|n] , (3.83)
Qi I JK ≡ Zimd
m
IJK − di(I|
mdm|JK) . (3.84)
From Eq. (3.70) we get
∂QI J
A
∂ϑKB
[
DMI J A + F
ILA
J
]
+
∂QmA
∂ϑKB
[DMmA + HmKA]
+
∂QI
J
K
∂ϑKB
[
DMI JK + FIK F˜J
]
+
∂QI
m
n
∂ϑKB
[
DMImn + FI H˜mHn
]
+
∂QIij
∂ϑKB
[
DMIij + FIGij
]
= 0 . (3.85)
From Eqs. (3.71) and (3.72) we get very similar equations which guarantee the con-
sistency of the whole construction of the tensor hierarchy that we have carried out in
this section.
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4 Gauge-invariant action for the 1-, 2- and 3-forms
The Bianchi identities of the full tensor hierarchy give rise to the equations of motion
of the electric fields of the theory upon use of the duality relations (on-duality-shell).
For field strengths of the 6-,5-, 4-forms they are given by
KA = − ⋆ j
(σ)
A , F˜I =MI J ⋆ F
J , H˜m = ⋆MmnHn . (4.1)
For the field strengths of the magnetic 3-forms they are given by
Ga = Ra , (4.2)
where Ra has been defined in Eq. (1.5). Finally, the field strength of the 7-forms is,
according to Refs. [23, 18], dual to the derivatives of the gauge-invariant scalar potential
with respect to the deformation parameters, denoted collectively by c♯
L♯ = ⋆
∂V
∂c♯
. (4.3)
This identity follows from the scalar equation of motion in presence of a scalar
potential together with the condition
kA
x ∂V
∂φx
= YA
♯ ∂V
∂c♯
, (4.4)
which implies, after multiplication by the embedding tensor ϑI A, the gauge-invariance
of the scalar potential.
In general, the equations of motion are combinations of different Bianchi identities
on-duality-shell. In order to determine the combinations that correspond to the equa-
tions of motion we have to examine which combinations of Bianchi identities satisfy
the Noether identities associated to the gauge invariances of the theory.
To start with, we need to introduce some notation for the Bianchi identities. This
has been done in Appendix B.2. These Bianchi identities are related by a hierarchy of
identities that are obtained by taking the covariant derivative of those with lower rank,
as we have shown. These identities of Bianchi identities are collected in Appendix B.3.
Now, let us assume that a standard gauge-invariant action for the 0-forms M (or
φx), 1-forms AI , 2-forms Bm and electric 3-forms Ca exists. This means that the Bianchi
identities B(Qβ),B(c♯) and B(DM),B(FI ),B(Hm),B(Ga) are satisfied, at least up to
duality relations. The kinetic terms of the electric fields are written in terms of the
gauge-invariant field strengths and this implies that the magnetic fields Ca, B˜m must
necessarily occur in the action, albeit not as dynamical fields: their equations of motion
will be trivial on-duality-shell.
Under these assumptions, the identities satisfied by the non-trivial Bianchi identi-
ties (i.e. those involving the magnetic field strengths) take the simplified form29
29We have also ignored the identities whose rank, as differential forms, is higher than eight.
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DB(Hm)− ZamGa = 0 , (4.5)
DB(Ga)− ZamB(H˜m) = 0 , (4.6)
DB(H˜m) + da ImB(Ga)FI + ZImB(F˜I) = 0 , (4.7)
DB(F˜I ) + 2dmIJB(H˜m)FJ − da ImB(Ga)Hm + ϑI AB(KA) = 0 . (4.8)
If such an action exists, its invariance with respect to gauge transformations with
parameters σm, σi, σm, σI will imply that the equations of motion satisfy, off-shell, asso-
ciated Noether identities. Up to the field equations of B˜m and Ca which are assumed
to be satisfied up to dualities, they take the form
D
δS
δB˜m
− Zam
δS
δCa
= 0 , (4.9)
D
δS
δCa
− Zam
δS
δBm
= 0 , (4.10)
D
δS
δBm
+ ZIm
[
δS
δAI
− dnI JAJ
δS
δBn
−
(
da InBn − 13d
a
J
ndnIKAJK
) δS
δCa
]
+da ImFI
δS
δCa
= 0 , (4.11)
D
[
δS
δAI
− dnI JAJ
δS
δBn
−
(
da InBn − 13d
a
J
ndnIKAJK
) δS
δCa
]
+2dmIJFJ
δS
δBm
+ da I
mHm
δS
δCa
+ ϑI
AkA
x δS
δφx
= 0 . (4.12)
Comparing directly with the above identities satisfied by the Bianchi identities, we
conclude that, up to dualities, the equations of motion of the electric fields are related
to the Bianchi identities of the magnetic field strengths by
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kA
x δS
δφx
= B(KA) , (4.13)
δS
δAI
= B(F˜I ) +
(
da I
mBm − 13d
a
J
mdmIKA
JK
)
B(Ga) + dmIJA
JB(H˜m) , (4.14)
δS
δBm
= B(H˜m) , (4.15)
δS
δCa
= B(Ga) . (4.16)
This identification determines completely the field theory. For instance, the equa-
tion of motion for the electric 3-forms Ca must be
δS
δCa
= D
(
ℑmNab ⋆ G
b +ℜeNabG
b
)
+ daImFIHm− ZamMmn ⋆ Hn , (4.17)
etc.
Can we write an action gauge-invariant action for the electric fields φx, AI, Bm and
Ca from which these equations of motion follow, up to duality relations? We can
follow the step-by-step procedure used in Ref. [18] for the 5- and 6-dimensional cases.
This procedure consists in considering first an action S(0) containing only the gauge-
invariant kinetic terms for the all the electric potentials φx, AI, Bm,Ca and start adding
the necessary Chern-Simons terms S(1), S(2), . . . to obtain the equations of motion of all
the potentials occurring in S(0) in order of decreasing rank: B˜m,Ca,Ca, Bm, AI. At the
first step it will be necessary to introduce terms S(1) containing B˜m but no new terms
containing this potential will be introduced in the following steps. At the second step
we will introduce terms S(2) containing Ca (but no B˜m) and in the following steps we
will not introduce any more terms containing it and so on and so forth.
We will not carry this procedure to the end because in eight dimensions the number
of Chern-Simons terms involving just 2- and 1-form potentials is huge and its structure
is very complicated. Nevertheless we are going to check that everything works as
expected for the potentials of highest rank B˜m,Ca,Ca and we are going to find that
only under certain conditions the action we are looking for exists
Our starting point is, therefore, the action
S(0) =
∫ {
− ⋆ 1R+ 12GxyDφ
x ∧ ⋆Dφy + 12MI JF
I ∧ ⋆FJ + 12M
mnHm ∧ ⋆Hn
+ 12G
a ∧ Ra − ⋆1V(φ)
}
,
(4.18)
where we have added a scalar potential V(φ). This action gives
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δS(0)
δB˜m
= −ZamRa . (4.19)
This equations should be trivial on-duality-shell and, therefore, we must add to the
action S(0)
S(1) =
∫
Zam(Ga + 12Zan B˜
n)B˜m , (4.20)
so that
δ(S(0) + S(1))
δB˜m
= −Zam(Ra − Ga) . (4.21)
The equation for Ca that follows from S(0) + S(1) is
δ(S(0) + S(1))
δCa
= −DRa − ZamMmn ⋆ Hn , (4.22)
and, comparing with Eq. (4.17), we see that the term +daImFIHm is missing and we
must add a term of the form
S(2) =
∫
daImFI
(
Hm − 12ZbmC
b
)
Ca , (4.23)
Observe that B˜m does not appear in this term and its equation of motion is, there-
fore, not modified by it. However in this term or in any other similar term the only
part of daImZbm that can occur is the antisymmetric one d[a|I
mZ|b]m while in the term
+daImFIHm both the antisymmetric and the symmetric parts occur. The only way in
which we can get that term in the equations of motion is by requiring
d(a|I
mZ|b)m = −
1
2XI ab = 0 . (4.24)
Under this assumption, which will also prove crucial to obtain the equations of motion
of other fields, the equation of motion of Ca is Eq. (4.17), as we wanted.
The equation of the magnetic potential Ca, which should be trivial on-duality-shell
which follows from the action we have constructed is
δ(S(0) + S(1) + S(2))
δCa
= Zam
[
Mmn ⋆ Hn −DB˜m + dbI
mFICb
]
. (4.25)
The last two terms belong to the field strength H˜m and we need to add
S(3) =
∫ {
− 12d
b
I
mZamFICbCa −
[
2dmnpBn(Hp − 2ZipC
i − 12DBp) +H˜
m
]
ZamCa
}
,
(4.26)
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where H˜m is the part of the field strength H˜m that only contains 1-form potentials
and their exterior derivatives. Observe that neither B˜m nor Ca appear in this term
and, therefore, their equations of motion are not modified. Observe also that we are
facing here the same problem we faced in getting the equation of motion of Ca: only
d[b| ImZ|a]m can enter the action while the equation of motion contains also the symmet-
ric part. The solution to this problem is the same: we demand
d(a| I
mZ|b)m = − 12XI
ab = 0 . (4.27)
Using Eqs.(4.24) and (4.27) The equation of motion of Bm that follows from the
action S(0) + · · ·+ S(3) can be put in the form
δ(S(0) + · · ·+ S(3))
δBm
= −
[
D(Mmn ⋆ Hn) + daImFIGa − da ImFIRa
−dmnpHnp − ZImMI J ⋆ FJ
]
− dmnpBnZa p(Ra − Ga)
−dmnpZa pdaI qBnBq(FI − 12Z
IrBr)
+daImda JnFI(FI − 12Z
IpBp)Bn
+daImFIGa + da I [m|ZI|n]BnGa
−dmnp(Hn − ZinCi)(Hp − ZjpCj) .
(4.28)
The expression in brackets in the r.h.s. is identical to B(H˜m) up to dualities and
up to the term dmIJKFI JK . The next term vanishes on-duality-shell and the remaining
terms should be eliminated. Observe that in the terms that need to be eliminated and
introduced neither B˜m nor Ci occur (they only depend on Bm, AI and their derivatives)
and, therefore, their equations of motion will not be modified.
5 Conclusions
Following the same procedure as in Refs. [18, 15], in this paper we have constructed
the most general 8-dimensional theory with gauge symnmetries and with at most two
derivatives: field strengths (up to 6-forms), all the Bianchi identities and duality re-
lations satisfied by all the field strengths (up to the 9-forms30), and the equations of
motion of the fundamental fields. We have shown that they are characterized by a
small number of invariant tensors (d-tensor, embedding tensor ϑ and massive defor-
mations Z) that satisfy certain constraints that relate them among themselves and to
30These identities are, of course, just formal, but they encode the gauge transformations of the 8-form
potentials.
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the structure constants and generators of the global symmetry group, which has to act
on the n3 3-form potentials of the theory as a subgroup of Sp(2n3,R).
We have found that the Bianchi identities satisfied by the 7-form field strengths
(dual to the generalized Noether-Gaillard-Zumino current) have the general form pre-
dicted in Ref. [19], although in this case it is very difficult to find the explicit form of
the 7-form field strengths.
We have constructed an action from which one can derive all the equations of mo-
tion except for those of the 1-form potentials because identifying the terms that only
contain 1-forms becomes extremely complicated and time-consuming.
This general result can be applied to any 8-dimensional theory with a given field
content, d-tensors defining Chern-Simons interactions and global symmetry group,
such as maximal d = 8 supergravity. In a forthcoming publication we will solve the
constraints satisfied by the deformation tensors (d-tensor, embedding tensor ϑ and
massive deformations Z) searching for a 1-parameter family of different SO(3) gaug-
ings of that theory.
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A Summary of relations for the generic ungauged, mass-
less Abelian d = 8 theory
A.1 Field strengths
FI = dAI . (A.1)
Hm = dBm − dmIJFIAJ , (A.2)
Gi = dCi + di I
mFIBm − 13d
i
I
mdmJKA
IFJAK , (A.3)
H˜m = dB˜m + di ImCiF
I + dmnpBn(Hp + ∆Hp) + 112d
i
I
mdi J
nAI J∆Hn , (A.4)
F˜I = dA˜I + 2dmIJAJ(H˜m − 12∆H˜m)−
(
di I
mBm − 13d
i
J
mdmIKA
JK
)
(Gi − 12∆Gi)
− 13
(
di ImdmJK − diKmdmIJ
)
FJAKCi − d
mnpdmIJAJBnHp
+ 124
(
diK
mdiL
ndmIJ + 2di[I|
mdi|K]
ndmJL
)
FJAKLBn + 124d
i
J
mdiK
ndmILA
JKLdBn
− 1180d
i
L
ndiQ
mdmIJdnPKA
JKLQFP , (A.5)
A.2 Bianchi identities
dFI = 0 , (A.6)
dHm = −dmIJF
I J , (A.7)
dGi = di ImFIHm , (A.8)
dH˜m = di I
mGiF
I + dmnpHnp , (A.9)
dF˜I = 2dmIJFJ H˜m + di I
mGiHm , (A.10)
dKA = TA
I
JF
J F˜I + TA
m
nH˜nHm − 12TAijG
ij . (A.11)
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A.3 Duality relations
⋆ Gi = ΩijWjkG
k , or G+a = −N
∗
abG
b+ , (A.12)
⋆H˜m = MmnHn , (A.13)
⋆F˜I = −MI JFJ , (A.14)
⋆KA = −j
(σ)
A , (A.15)
⋆L♯ = −
∂V
∂c♯
(A.16)
B Summary of relations for the gauged theory
B.1 Field strengths
FI = dAI − 12XJ
I
KA
JK + ZI mBm , (B.1)
Hm = DBm − dmIJdAIAJ + 13dmMIXJ
M
KAI JK + ZimC
i , (B.2)
Gi = DCi + di I
n
[
FIBn − 12Z
I pBnBp + 13dnJKdA
JAKI
+ 112dnMJXK
M
LAI JKL
]
− ZimH˜m , (B.3)
H˜m = DB˜m − di I
mFICi + dmnpBn
(
Hp + ∆Hp − 2ZipC
i
)
+dmIJKdAIdAJAK
+
(
1
12di J
mdiK
ndnIL − 34d
m
IJMXK
M
L
)
dAIAJKL
+
(
3
20d
m
NPMXI
N
J −
1
60diM
mdiI
ndnPJ
)
XK
P
LA
I JKLM
+ZIm A˜I , (B.4)
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B.2 Bianchi identities
The Bianchi identities satisfied by the field strengths of the gauged theory are B(·) = 0
where
B(LA
I) = −
[
DLA
I + FIKA +W
I
A
βMβ
]
, (B.5)
B(LIm) = −
[
DLIm + F˜IHm +WIm
βMβ
]
, (B.6)
B(Lim) = −
[
DLim + Gi H˜m +Wim βMβ
]
, (B.7)
B(KA) = DKA − TA
I
JFJ F˜I − TA
m
nH˜nHm + 12TA ijG
ij − YA
♯L♯ , (B.8)
B(F˜I) = −
[
DF˜I − 2dmIJFJ H˜m − di I
mGiHm + 2dmIJKFJKHm + ϑI AKA
]
, (B.9)
B(H˜m) = −
[
DH˜m + di I
mFIGi − dmnpHnp − dmIJKFI JK − ZIm F˜I
]
, (B.10)
B(Gi) = −
[
DGi − di I
mFIHm + ZimH˜
m
]
, (B.11)
B(Hm) = −
[
DHm + dmIJFI J − ZimG
i
]
, (B.12)
B(FI) = −
[
DFI − ZImHm
]
, (B.13)
B(DM) = −
[
DDM+ FIϑI
AδAM
]
, (B.14)
B(c♯) = Dc♯ , (B.15)
B(Qβ) = Qβ . (B.16)
Here ♯ labels the deformation parameters and β the constraints, as discussed in
Sections 3.7 and 3.8.
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B.3 Identities of Bianchi identities
DB(FI )− ZImB(Hm) = 0 , (B.17)
DB(Hm)− 2dmIJFIB(FJ ) + ZimG
i = 0 , (B.18)
DB(Gi)− di I
m
[
B(Hm)FI + HmB(FI )
]
− ZimB(H˜
m) = 0 , (B.19)
DB(H˜m)− di I
m
[
B(Gi)FI + GiB(FI)
]
+ 2dmnpB(Hn)Hp
−3dmIJKB(FI )FJK + ZImB(F˜I ) = 0 , (B.20)
DB(F˜I ) + 2dmIJ
[
B(H˜m)FJ + H˜mB(FJ )
]
+di I
m
[
B(Gi)Hm + GiB(Hm)
]
−3dmIJK
[
2B(FJ )FKHm + FJKB(Hm)
]
+ ϑI
AB(KA) = 0 , (B.21)
DB(KA) + TA
I
J
[
B(FJ)F˜I + FJB(F˜I)
]
+TA
m
n
[
B(H˜n)Hm + H˜nB(Hm)
]
+ TA ijG
iB(Gj) +YA
♯B(L♯) = 0 . (B.22)
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